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Analyses of inflation models are usually conducted assuming a specific range—e.g., Nk ' 50−60–
of the number Nk of e-folds of inflation. However, the analysis can also be performed by taking
into account constraints imposed by the physics of reheating. In this paper, we apply this analysis
to a class of “WIMPflation” models in which the inflaton also plays the role of dark matter. Our
analysis also updates prior WIMPflation work with more recent Planck 2018 data. With this new
analysis, inflaton potentials V (φ) = λφ4 and λφ40[1 − cos(φ/φ0)]2 are ruled out, while V (φ) =
λφ40{1 − exp[−(φ/φ0)2]}2 is slightly disfavored, and V (φ) = λφ40 tanh4(φ/φ0) is only viable for
certain reheating conditions. In addition, we also discuss for the first time the effect of post-
reheating entropy production (from, e.g., cosmological phase transitions) in this reheating-physics
analysis. When accounted for, it decreases the number of e-folds through ∆Nk = −(1/3) ln(1 + γ),
where γ ≡ δs/s is the fractional increase in entropy. We discuss briefly the possible impact of
entropy production to inflation-model constraints in earlier work.
I. INTRODUCTION
Cosmic inflation driven by a slowly rolling scalar field
has been conjectured as the standard solution to many
problems in cosmology [1–3]. During inflation, the infla-
ton rolls down a sufficiently flat potential, providing the
energy density to inflate the Universe, as well as gener-
ating primordial perturbations. If the inflaton is stable,
it may also constitute the dark matter, a possibility first
proposed in Refs. [4, 5] and elaborated most recently in
Ref. [6]. In this scenario, reheating begins (see Ref. [7]
for a review) after inflation ends, but before the inflaton
reaches the minimum of its potential. Quanta that arise
as oscillations about the inflaton-potential minimum then
provide a dark-matter candidate.
In several previous papers, it has been shown that the
number of e-folds needed for inflation is related to the
physics of reheating. The basic idea was first discussed
in Ref. [10] with instantaneous reheating; it was later ex-
tended to reheating with a constant equation-of-state pa-
rameter [11–13]. Refs. [14–16] then applied this method
to different inflation models using post-Planck data.
In this paper, we use this method to analyze a new set
of WIMPflation models [6]; we also update earlier work
through the inclusion of more recent Planck 2018 data.
Furthermore, we discuss for the first time the effect of
post-reheating entropy production on the results of the
analysis. If reheating happens at a high energy scale,
then any of a number of post-reheating events may have
led to entropy production. Such entropy production is
even conceivable at the electroweak scale [18].
The structure of this paper is as follows. In Section II A
and Section II B, the models of WIMPflation and reheat-
ing are introduced respectively. In Section III, we discuss
the effects of entropy production. In Section IV, results
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for the WIMPflation models we consider here are pre-
sented, and in Section V we make concluding remarks.
II. MODELS
A. Inflation
We consider a class of “WIMPflation” models [6] in
which a single field φ acts as the inflaton and as dark
matter. The Lagrangian for the inflaton is
L = 1
2
(∂µφ)(∂µφ)− V (φ) + Lint, (1)
where Lint contains the interaction terms required to re-
heat the Universe. The inflaton potential is
V (φ) =
1
2
m2φφ
2 + λφ40f
(
φ
φ0
)
, (2)
where the first term gives the inflaton mass mφ; f(φ/φ0)
is a function with a vanishing second derivative f ′′(0) =
0; φ0 is a constant with mass dimension 1, determining
the scale of inflaton field. Here, λ is a dimensionless
constant which together with φ0 fixes the energy scale of
inflation. Here we consider the following functional forms
[6]:
f(x = φ/φ0) =

x4,
arctan4 x,
tanh4 x,
[1− exp(−x2)]2,
(1− cosx)2,
x4/(1 + x2)2.
(3)
In this work, the dynamics of inflation are considered
within the conventional slow-roll regime [20] and are de-
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2scribed by slow-roll parameters,
 ≡ M
2
P
2
(
V ′
V
)2
=
2M2P (λφ
3
0f
′ + φm2φ)
2
(2λφ40f + φ
2m2φ)
2
, (4)
η ≡M2P
V ′′
V
=
2M2P (λφ
2
0f
′′ +m2φ)
2λφ40f + φ
2m2φ
, (5)
where MP = 2.435 × 1018 GeV is the reduced Planck
mass. Inflation ends when (φend) = 1. We denote all
quantities evaluated when a specific k-mode exits the
horizon (i.e. k = akHk) with subscript k. Therefore,
the number of e-folds of inflation is given by the integral
Nk =
∫ tend
tk
Hdt ≈
∫ φk
φend
V
V ′
dφ
M2P
, (6)
whose exact form depends on the parametrization of f .
In the last step, we used the slow-roll approximation.
Furthermore, the primordial amplitude As, tensor-to-
scalar ratio r and the primordial tilt ns can be expressed
using the slow-roll parameters as
As =
1
24pi2
V
M4P
, r = 16, ns = 1− 6+ 2η. (7)
These quantities should all be evaluated at the scale k of
interest. The subscripts k here are suppressed for sim-
plicity.
The inflation models we discussed here involve 3 pa-
rameters (mφ, φ0, λ). In principle, with precise knowl-
edge of the 3 observables mentioned in Eq. (7), all pa-
rameters of the model can be derived for a specific f .
However, in practice only As and ns are relatively well
determined. We therefore in this work follow standard
practice in fixing As and then presenting predictions in
the remaining ns-r parameter space. We have verified
that our results are insensitive to changes to As that are
within its 3σ range.
B. Reheating
Here we discuss, following Refs. [14, 15], how to cal-
culate the number Nre of e-folds of expansion during re-
heating and also the reheat temperature Tre, parametriz-
ing the reheating epoch by a constant equation-of-state
parameter wre. For reference, we sketch in Fig. 1 the
comoving Hubble scale as a function of scale factor and
define there some relevant quantities.
For a constant equation-of-state parameter expansion,
the conservation of energy momentum relates energy den-
sity ρ to scale factor a as ρ ∝ a[−3(1+wre)]. Therefore the
number of e-folds of expansion during reheating can be
written as
Nre =
1
3(1 + wre)
ln
ρend
ρre
, (8)
FIG. 1. Sketch of the comoving Hubble scale ln(aH) as a
function of the scale factor ln a. Here, ak, aend, are, and a0
are the scale factor when k-mode exits the horizon, end of
inflation, end of reheating, and today, respectively. Here Nk
and Nre are the number of e-folds of inflation and reheating
respectively. Also, Tre is the temperature at the end of re-
heating. The slope of the line during reheating is dictated by
the reheating equation-of-state parameter wre.
where ρend and ρre are the energy density of the Universe
at the end of inflation and at the end of reheating respec-
tively. Also, ρend = (1 + κ)Vend, where κ = (3/ − 1)−1
is the ratio of kinetic energy to potential energy dur-
ing inflation and Vend ≡ V (φend). At the end of infla-
tion,  ≈ 1, so κ ≈ 1/2, and ρre can be expressed as
(pi2/30)greT
4
re with gre the effective number of relativistic
degrees of freedom for energy at full thermalization. The
reheating temperature Tre can be related to the CMB
temperature T0 today via entropy conservation,
a3regs,reT
3
re = a
3
0
(
2T 30 +
7
8
× 6T 3ν0
)
, (9)
where gs,re is the effective number of relativistic degrees
of freedom for entropy at the end of reheating. Com-
bining Eq. (9) with the current neutrino temperature
Tν0 = (4/11)
1/3T0, we arrive at the relation
Tre
T0
=
(
43
11gs,re
)1/3
a0
are
. (10)
Eqs. (8) and (10) are not sufficient to determine Tre
and Nre. Information on how much the Universe has ex-
panded since the end of reheating is needed. The equa-
tions can be closed with the relation,
k
a0H0
=
ak
aend
aend
are
are
a0
Hk
H0
, (11)
where H2k = V (φk)/(3M
2
P ) and H
2
0 = ρcrit/(3M
2
P ), with
ρcrit being the critical density. Solving Eqs. (8), (10), and
3(11), we have
Nre =
1
1− 3wre
[
ln
T 40
(1 + κ)Vend
− 4Nk − 4 ln k
a0H0
+ 2 ln
ρk
ρcrit
+
4
3
ln
43
11gs,re
+ ln
pi2gre
30
]
, (12)
Tre = exp
[
−3
4
(1 + wre)Nre
](
30
grepi2
) 1
4
(1 + κ)
1
4V
1
4
end.
(13)
Reheating requires Nre ≥ 0, and we refer to the case
where Nre = 0 as instantaneous reheating. The condi-
tions for the Universe to thermalize before BBN or the
EW phase transition are Tre > TBBN and Tre > TEW,
respectively. The agreement between the observed light-
element abundances and those predicted by BBN pre-
cludes the possibility of significant entropy production
(to be discusses in the next Section) unless Tre > TBBN.
III. ENTROPY PRODUCTION
In prior related work [14, 15], it is assumed that there
is no significant entropy production after reheating, but
there are many ways in which this assumption might
be invalidated, through, for example, out-of-equilibrium
particle decays or any of a number of phase transitions
that could conceivably occur after reheating but before
BBN. Even in the Standard Model, there is a small
amount of entropy production [18]. Fortunately the ef-
fects of reheating on the analysis are, as we now show,
easy to take into account.
Suppose there is a fractional increase γ ≡ δs/s > 0 in
the entropy density between reheating and BBN. If so,
Eq. (9) is augmented to
a3regs,reT
3
re(1 + γ) = a
3
0
(
2T 30 +
7
8
× 6T 3ν0
)
. (14)
The effects of nonzero γ on the results of Section II B
can therefore be taken into account simply with the re-
placement gs,re → (1 + γ)gs,re in Eqs. (12) and (13). By
keeping Nre unchanged in Eq. (12), we infer that the
number Nk(γ) of e-folds of inflation between the time a
distance scale k exits the horizon and the end of inflation
becomes
Nk(γ) = Nk(γ = 0) +
1
3
ln
1
1 + γ
. (15)
The Standard Model expectation for γ from the EW scale
to BBN scale is γ = 0.13 [18], which corresponds to only
a negligible change ∆Nk ≡ Nk(γ)−Nk(γ = 0) ' −0.04.
Supercooling during a post-reheating first-order phase
transition (essentially, a later short period of inflation
[19]) might conceivably increase γ by several orders of
magnitude.
The possibility of significant post-reheating entropy
production has implications for the results of prior work
in which entropy conservation was assumed. For ex-
ample, the minimum tensor-to-scalar ratios inferred in
Ref. [15] will increase (as the curves in their Fig. 4 move
to the left). The α = 2/3 and α = 1 models which were
ruled out in Ref. [14] may be revived, as the curves in
their Fig. 2 will move to the left, as ns is a monoton-
ically increasing function of Nk in those models. Still,
any such changes, if they are to be consequential, would
require γ ∼ e3×5 ∼ 3× 106; i.e., a fairly radical augmen-
tation of the post-reheating expansion history.
IV. RESULTS FOR WIMPFLATION MODELS
The model space (inflation and reheating) is charac-
terized by 5 parameters
{mφ, φ0, λ, φk;wre}. (16)
Here the first 3 parameters are those for the inflation
model described in Section II A. The 4th parameter φk is
the inflaton field value when the k-mode exits the hori-
zon. It dictates the length of inflation. The last one
is the reheating equation-of-state parameter described in
Section II B. Given a specific model, the following 6 quan-
tities can be calculated
{Nk, As, ns, r;Tre, Nre}, (17)
using the formulas derived in Section II A and II B. We
are interested in the predictions of the model in the
(ns, r) plane with some fixed values of Tre or Nre. In this
case, the value of φk is inferred from those fixed values.
To simplify the analysis, we fix some parameters to
their canonical values: gre = gs,re = 100 (roughly the
number of degrees of freedom in the Standard Model),
T0 = 9.7×10−32MP , ρcrit = 1.2×10−120M4P . We fix the
inflaton mass mφ = 10 MeV, but the results we present
are unchanged even if it is as big as 100 TeV. Here we as-
sume entropy conservation (i.e. γ = 0) and then discuss
below how significant entropy production affects the re-
sults. We also set the pivot scale1 to k = 0.002 Mpc−1 =
8 a0H0. Moreover, as stated in Section II A, the Planck
2018 best fit for ln(1010As)|k=0.05Mpc−1 = 3.043 is used
to infer the value of λ every time we move to a new point
in model space. Note that we need to convert this to our
pivot scale, which gives ln(1010As)|k=0.002Mpc−1 = 3.155.
The results of the analysis are shown in the (ns, r)
plane in Fig. 2. Predictions with different reheating con-
ditions are plotted for various inflation models. Predic-
tions obtained assuming a priori some fixed number Nk
of e-folds are plotted as lighter curves for comparison. As
1 The Planck 2018 pivot scale is 0.05Mpc−1 [21]. However, the
tensor-to-scalar ratio r is also quoted at 0.002Mpc−1 to facili-
tate comparison with earlier Planck constraints. Here we use r
measured at k = 0.002Mpc−1.
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FIG. 2. The ns-r plot for different models. The 4 panels correspond to 4 different inflaton potentials. In each panel, the
solid blue (green) line represents a BBN scale reheating with equation-of-state parameter wre = 0 (0.25), and the dashed blue
(green) line represents an EW scale reheating with equation-of-state parameter wre = 0 (0.25). The solid red line represents
an instantaneous reheating. Along each line, the parameter φ0 varies from 1MP to 30MP . The set of solid gray lines in the
background benchmarks the number Nk of e-folds of different scenarios. Fig. 2 in Ref. [6] showed two of them for Nk = 50 and 60.
The posterior contours are extracted from the Planck 2018 results for inflation. The choices of all unmentioned parameters in
the plot are specified in Section IV. The model f(x) = x4 is not shown as λφ40f(φ/φ0) = λφ
4 turns out to be independent of
φ0. Nevertheless, it is the large φ0 limit for all other models. The model f(x) = (1− cosx)2 is omitted since even the largest
allowed region (between solid blue and red lines) is excluded by Planck data.
illustrated in the plot, instantaneous reheating implies
that Nk ∼ 60 (depending in detail on the model), re-
gardless of the equation-of-state parameter. This serves
as an upper bound on the number of e-folds for any of
this class of models. For EW scale reheating, our analysis
yields Nk ∼ 57 (50) (depending in detail on the model)
for wre = 0.25 (0); for BBN scale reheating, our analysis
yields Nk ∼ 56 (46) (depending in detail on the model)
5(Nmink , N
max
k ) wre = 0 wre = 0.25
Tre = TEW (50, 60) (57, 60)
Tre = TBBN (46, 60) (56, 60)
TABLE I. The approximately allowed range of e-folds Nk dic-
tated by the scale Tre of reheating and the equation-of-state
parameter wre. N
max
k ∼ 60 is determined by instantaneous
reheating, thus irrelevant to Tre and wre. The exact shapes
of the constraints are different from a constant number of e-
folds range and depend on the detailed shape of the inflaton
potential. Refer to Figure 2 for more information.
for wre = 0.25 (0). Although the curve with a specific re-
heating temperature Tre is very close to a curve with some
constant number Nk of e-folds, they do not exactly over-
lap. At a specific reheating scale, a model with a larger
φ0 parameter, or, equivalently, a larger tensor-to-scalar
ratio r, tends to involve a longer period of inflation.
The regions between the EW (BBN) lines and the in-
stantaneous lines are those allowed by the requirement
that the reheat temperature be higher than the EW
(BBN) scale. They can be compared to the Planck mea-
surement (Fig. 2, gray blob) to rule out certain infla-
tion models. Such a comparison completely excludes
f(x) = x4 and (1 − cosx)2, as even the largest allowed
region is incompatible with Planck measurement. It also
slightly disfavors f(x) = [1− exp(−x2)]2, but still leaves
an opening at scenarios close to instantaneous reheating.
For f(x) = tanh4 x, if wre = 0, only EW scale reheat-
ing can comply with the data. All other models are left
untouched.
If entropy production exists, according to Section III,
Nk decreases. All curves presented in Fig. 2 will move to
the left to a lower number of inflation e-folds.
V. CONCLUSIONS
In this paper, we have studied the implications of re-
heating on WIMPflation models. We have parametrized
uncertainties in reheating physics in terms of a con-
stant equation-of-state parameter. We then explore the
allowed parameter space of several WIMPflation mod-
els with this parametrization, including the most recent
CMB measurements from Planck.
We discover that the allowed ranges of inflation ob-
servables is very similar to those allowed by a given range
of the number Nk ∈ [Nmink , Nmaxk ] of e-folds Here, how-
ever, (Nmink , N
max
k ) are not of the canonically taken value
(50, 60), but related to the scale Tre of reheating and the
equation-of-state parameter wre. For the models we in-
vestigate, this relation can be summarized approximately
in Table I. The constraints are provided more precisely
in Fig. 2. By comparing the model predictions to con-
straints from Planck 2018, the data completely exclude
f(x) = x4 and f(x) = (1 − cosx)2, and slightly disfa-
vor f(x) = [1 − exp(−x2)]2. The f(x) = tanh4 x model
survives for some range of reheating parameters, and
f(x) = arctan4 x and f(x) = x4/(1 +x2)2 remain viable.
We also show how post-reheating entropy production
will affect the results of the analysis as well as results
in related earlier work. When taken into account, it
will decrease the number of e-folds of inflation through
∆Nk = −(1/3) ln(1 + γ), with γ ≡ δs/s being the frac-
tional increase in entropy. However, for the Standard
Model EW phase transition with only one Higgs, the ef-
fect is negligible. In some extended models with multiple
Higgs fields, the production may be significant. We also
discussed the implications of entropy production on the
results of some prior papers.
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